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Abstract. We perform a detailed analysis on a primordial gravitational-wave background
amplified during a Kasner-like pre-inflationary phase allowing for general triaxial anisotropies.
It is found that the predicted angular distribution map of gravitational-wave intensity on large
scales exhibits topologically distinctive patterns according to the degree of the pre-inflationary
anisotropy, thereby serving as a potential probe for the pre-inflationary early universe with
future all-sky observations of gravitational waves. We also derive an observational limit on
the amplitude of such anisotropic gravitational waves from the B-mode polarisation of the
cosmic microwave background.
Keywords: gravitational waves and CMBR polarization, cosmological perturbation theory,
inflation, primordial gravitational waves (theory)
ar
X
iv
:1
60
9.
02
78
5v
1 
 [a
str
o-
ph
.C
O]
  9
 Se
p 2
01
6
Contents
1 Introduction 1
2 Basic equations 2
2.1 Kasner-de Sitter inflation 2
2.2 Polarisation basis 4
2.3 Gravitational wave equations 5
3 Angular anisotropies of gravitational wave background 6
3.1 Rotation of wavevector during anisotropic expansion 6
3.2 Evolution of modes aligned with the principal axes 8
3.3 Evolution of modes aligned between two principal axes 14
3.3.1 Case 1: tmid(ψi) > tiso 15
3.3.2 Case 2: tmid(ψi) < tini 15
3.3.3 Case 3: tini < tmid(ψi) < tiso 16
3.3.4 Growth factors 17
3.4 Evolution of modes pointing in general directions 18
4 Constraints from CMB B-mode polarisation 20
5 Conclusions 22
1 Introduction
There has been an accumulation of observational evidence for cosmic inflation [1, 2] in the
past decades, one of the most crucial being the precise measurements of the cosmic microwave
background (CMB) [3]. Among others, a subject currently attracting a particular attention
in this field is the search for the primordial gravitational waves (PGWs) emerging from the
quantum nature of space-time during an early accelerated expansion [4], which is thought to
be a direct evidence of the occurrence of inflation. Direct detections of such PGWs in low-
frequency bands are indeed one of the primary aims of future planned laser-interferometer
experiments in space, such as eLISA [5], DECIGO [6], and Big-Bang Observer [7].
There are, however, still many challenges to overcome in laser-interferometer experiments
in spite of the recent success of the first observation of gravitational waves from coalescing
binary black holes [8]. As an alternative approach, there have been attempts at measuring
the B-mode polarisations of the CMB as an imprint of the PGWs [9–11]. Past and ongoing
projects for CMB B-mode polarisation measurement at low multipoles include POLARBEAR
[12], ACTpol [13], BICEP2/Keck array and Planck [14] (see also [15]), and SPTpol [16]. Many
future experiments are also planned, such as POLARBEAR-2 and Simons Array [17], and
LiteBIRD [18]. Several constraints on tensor perturbations from the current bound on the
CMB B-mode have been obtained in [14, 19].
One of the goals beyond confirming the occurrence of cosmic inflation would be deter-
mination of the initial condition of inflation. If there are earlier stages preceding the onset of
inflation, it is well anticipated that there were anisotropies and/or inhomogeneities of order
the energy scale of unified theories such as Grand Unification Theories (GUTs) or superstrings.
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Investigations of early anisotropies may bring us useful information to construct the theory
of elementary particles beyond the Standard Model and even quantum gravity. This serves
as another motivation for investigating the anisotropic stages before an isotropic inflation.
Then, what is to be understood is how the universe has evolved into the currently
observed homogeneous and isotropic state. A key clue to this issue would be Wald’s cosmic
no-hair theorem [20], stating that the Bianchi models for homogeneous anisotropic universe
[21] inevitably evolve towards isotropic de Sitter space in the presence of a large enough
positive cosmological constant Λ .
It is generically expected that anisotropies of cosmological expansion would have great
impacts on the evolution of cosmological perturbations. Indeed, several observational signa-
tures of an anisotropic pre-inflation were discussed in [22–24]. Among others, a remarkable
finding is that amplification of gravitational waves occurs during the pre-inflationary Kasner
regime [23, 25], whose efficiency varies with the direction in the sky. In particular, in [23],
Gümrükçüoğlu et al. investigated such gravitational waves from an inflationary background
driven by a scalar field.
The purpose of the present paper, therefore, is to give further insights into the connection
between direction-dependent gravitational waves and primordial pre-inflationary anisotropies.
While Gümrükçüoğlu et al.’s analysis in [23] was restricted to a particular background with
axisymmetry, in contrast, we treat general triaxial backgrounds. To do so, we take the so-
called Kasner-de Sitter metric as a simpler background in which initially anisotropic expansion
of space is isotropised due to a cosmological constant rather than a scalar field. As analysed
in [23, 25], the amplification of gravitational waves originates from an instability in the tensor
sector and we expect even our simple model captures its essential features. This simple model
also allows us to generate the all-sky map of gravitational-wave intensity from which we could
decode the degree of the primordial anisotropy. Also we give some tentative constraints on
the model parameters from the current bounds on the CMB B-mode polarisation.
The organisation of the paper is as follows. In section 2, we describe the basic equations
for the background and perturbations. In particular, we employ a gauge-invariant formulation
for cosmological perturbations in the Bianchi type-I universe recently constructed by Pereira
et al. [26] (see also [27] for an earlier attempt). In section 3, we show how gravitational
waves evolve depending on the direction of wavevectors as well as on the anisotropy of the
background universe. In section 4, we demonstrate how limits can be given to the initial
anisotropy and the initial power spectrum of the pre-inflationary gravitational waves from
future all-sky observations of the PGWs. Finally, in section 5, we conclude.
Throughout the paper we use natural units with c = ~ = kB = 1. The Latin indices
i, j are spatial and run through 1, 2, 3. We will use the arrow notation to denote spatial
contravariant vectors such as ~V ≡ (V 1, V 2, V 3).
2 Basic equations
2.1 Kasner-de Sitter inflation
Hereafter we consider the so-called Kasner-de Sitter (KdS) metric as a simple model for
an inflationary universe with an initial anisotropy. It is an exact solution to the Einstein
equations in the presence of a positive cosmological constant Λ , whose line element is given
by
gµν dx
µ dxν = −dt2 + a2iso sinh2/3 (3Ht)
3∑
i=1
tanh2qi
(
3Ht
2
)
(dxi)2 , (2.1)
– 2 –
where aiso is an arbitrary positive constant, H ≡
√
Λ/3 , and the three exponents qi (i =
1, 2, 3) satisfy the constraints
3∑
i=1
qi = 0 ,
3∑
i=1
q2i =
2
3
. (2.2)
The KdS metric is classified into the Bianchi type-I cosmological model [21]. We define the
average scale factor a(t) and the spatial metric γij(t) by
a(t) ≡ aiso sinh1/3 (3Ht) , γij(t) ≡ tanh2qi
(
3Ht
2
)
δij . (2.3)
At earlier times with t H−1 , the metric behaves like a vacuum Kasner solution
a(t) ' aiso (3Ht)1/3 , γij(t) '
(
3Ht
2
)2qi
δij , (2.4)
while at later times with t H−1 , the metric asymptotes to a de Sitter solution,
a(t) ' 2−1/3 aiso eHt , γij(t) ' δij . (2.5)
Hence the KdS metric describes a universe evolving from an anisotropic initial phase to an
isotropic inflation driven by Λ . The isotropisation is achieved around the time tiso ≡ H−1
and the constant aiso serves as the normalisation of the scale factor at the beginning of the
isotropic de Sitter inflation. The duration of isotropic de Sitter expansion in this model is
necessarily bounded from above.
This simple (pre-)inflationary model has some flaws as a realistic setup for the early
universe such as lacking of mechanisms to realise a decline of the expansion rate and to exit
from the inflationary phase, i.e., reheating. Precisely, what we assume is that the superhorizon
fluctuations reentering the cosmological horizons at late times after reheating have exited the
horizon at the early era when the metric is well approximated by (2.1). Since the presence of
global anisotropies on cosmological scales is observationally not favoured, we should require
aisoH . a(t0)H(t0) , where t0 is the present age of the universe. Note that this condition is
equivalent to the one for evading the horizon and flatness problems.
It is useful to introduce an angular parameter Θ to express the exponents qi as
q1 =
2
3
sin
(
Θ− 2pi
3
)
, q2 =
2
3
sin
(
Θ− 4pi
3
)
, q3 =
2
3
sin Θ . (2.6)
The parameter Θ quantifies the degree of anisotropy of pre-inflationary cosmological expan-
sion. With no loss of generality, we can restrict our attention to a range 7pi6 ≤ Θ ≤ 9pi6 , within
which the order of the exponents is q1 ≥ q2 ≥ q3 , see figure 1. Any KdS metric is equiv-
alent, up to relabelling the axes and/or reversing their orientations, to one with the value
of Θ lying in the above range. The expansion of the universe is axisymmetric for Θ = 7pi6
((q1, q2, q3) = (23 ,−13 ,−13)) and for Θ = 9pi6 ((q1, q2, q3) = (13 , 13 ,−23)). In the following anal-
ysis we shall often take Θ = 8pi6 as a fiducial value, for which the anisotropy exponents are
(q1, q2, q3) = (
1√
3
, 0,− 1√
3
) .
The KdS metric has an initial Kasner singularity at t = 0 unless Θ = 7pi6 , so we
necessarily introduce an initial time tini > 0 , which is supposed to be before tiso . We do
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Figure 1. Values of qi for 7pi6 ≤ Θ ≤ 9pi6 .
not discuss the initial singularity problem, but for a possible resolution, see [28]. If inflation
occurred at the GUT scale with H ∼ HGUT ∼ 10−6mPl , then tini > tPl ∼ 10−6H−1GUT
is required so as to avoid the trans-Planckian problems. In what follows, we take tini =
10−5 tiso = 10−5H−1 as a fiducial value for the initial time.
The conformal time η is defined by dη = dt/a(t) . A prime will denote differentiation
with respect to η . The cosmic expansion is characterised by the average Hubble parameter
H and the shear tensor σij defined respectively as
H ≡ a
′
a
= aisoH
cosh(3Ht)
sinh2/3(3Ht)
, σij ≡ 1
2
γ′ij = 3qi aisoH
tanh2qi
(
3Ht
2
)
sinh2/3(3Ht)
δij . (2.7)
The inverse of γij is defined by γik γkj = δij . The indices of spatial tensors will be raised
and lowered by γij and γij such as σij ≡ γik σkj .
2.2 Polarisation basis
As usual, we will parameterise the harmonic modes of waves by a set of constants (k1, k2, k3),
which are regarded as the covariant components of a wavevector in the (x1, x2, x3) comoving
coordinate frame. What is unusual is that, on an anisotropic KdS background, the contravari-
ant components ki ≡ kj γij are not constant. The contravariant wavevector ~k ≡ (k1, k2, k3)
changes its direction and norm,
√
ki ki , during the anisotropic Kasner regime, t . tiso , and
after the universe is isotropised, t & tiso , it comes to coincide with its covariant dual as
limt→∞ ~k = (k1, k2, k3) .
It is useful to introduce time-dependent polar angles (β, γ) to parameterise the nor-
malised wavevector ~ˆk ≡ ~k/
√
ki ki as [24]
~ˆ
k ≡
e−β1 sinβ cos γe−β2 sinβ sin γ
e−β3 cosβ
 , (2.8)
where we have introduced the notation
e−βi ≡
√
γii = tanh−qi
(
3Ht
2
)
. (2.9)
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The orthonormal polarisation vector basis perpendicular to ~ˆk is introduced as
~e(1) ≡
e−β1 (cosβ cos γ cosα− sin γ sinα)e−β2 (cosβ sin γ cosα+ cos γ sinα)
−e−β3 sinβ cosα
 ,
~e(2) ≡
−e−β1 (cosβ cos γ sinα+ sin γ cosα)−e−β2 (cosβ sin γ sinα− cos γ cosα)
e−β3 sinβ sinα
 ,
(2.10)
where the arbitrary angle α represents the rotation degree of freedom of (~e(1), ~e(2)) around
~ˆ
k .
As in [24], we determine α by imposing a condition
α′ = −γ′ cosβ . (2.11)
Accordingly, the orthonormal tensor basis is defined in terms of the vector basis as
ε+ij ≡
e
(1)
i e
(1)
j − e(2)i e(2)j√
2
, ε×ij ≡
e
(1)
i e
(2)
j + e
(2)
i e
(1)
j√
2
. (2.12)
Using the polarisation basis, the shear tensor is decomposed into the scalar, vector, and tensor
components as
σ(S) ≡ σij kˆi kˆj , σ(V)(a) ≡ σij kˆi ej(a) , σ
(T)
λ ≡ σij εijλ , (2.13)
where a = 1, 2 for the vector and λ = +,× for the tensor components, respectively.
2.3 Gravitational wave equations
In order to analyse evolution of gravitational waves on a KdS spacetime, we apply the gauge-
invariant formulation of cosmological perturbations in Bianchi type-I models developed by
Pereira et al. [26]. In this formalism, the general perturbed metric is given by
(gµν + δgµν) dx
µ dxν = a(η)2
[−(1 + 2A) dη2 + 2Bi dxi dη + (γij + hij) dxi dxj] , (2.14)
where the (0i) and (ij) components are respectively decomposed into the scalar, vector, and
tensor variables as
Bi = ∂iB + B¯i , hij = 2 (γij +H−1 σij)C + 2∂ijE + 2∂(iEj) + 2Eij , (2.15)
where the vector and tensor variables satisfy ∂iB¯i = ∂iEi = ∂iEij = Eii = 0 . In vacuum
(plus a cosmological constant), the only dynamical degrees of freedom are represented by the
two polarisation components of the gauge-invariant tensor variable Eij [26], defined using the
tensor polarisation basis as
Eλ ≡
∫
d3x
(2pi)3/2
e−iklx
l
εijλ Eij (λ = +,×) . (2.16)
Introducing µλ ≡ aEλ for convenience, the equations of motion for gravitational waves are
given by [26]
µ′′+ + ω
2
+ µ+ + ξ µ× = 0 ,
µ′′× + ω
2
× µ× + ξ µ+ = 0 ,
(2.17)
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where
ω2+ ≡ ki ki −
a′′
a
−
(
a2 σ(S)
)′
a2
− 2
(
σ
(T)
×
)
2 − 2
a2
a2
(
σ
(T)
+
)
2
2H− σ(S)
′ ,
ω2× ≡ ki ki −
a′′
a
−
(
a2 σ(S)
)′
a2
− 2
(
σ
(T)
+
)
2 − 2
a2
a2
(
σ
(T)
×
)
2
2H− σ(S)
′ ,
(2.18)
and
ξ ≡ 2σ(T)+ σ(T)× −
2
a2
(
a2 σ
(T)
+ σ
(T)
×
2H− σ(S)
)′
. (2.19)
One could guess from the expressions for “squared frequencies”, ω2λ , that the shear can
give negative contributions and might lead to some instabilities. Indeed, it will be revealed
that the contributions from the shear control how gravitational waves grow during the pre-
inflationary anisotropic expansion. In the sequel, we will pay particular attention to how much
and how long ω2λ receives negative contributions from the shear, which crucially depends on
the values of (k1, k2, k3).
The ξ term characterises the interaction between the two polarisation modes. Occurrence
of interactions in general makes the analyses more complicated, but eq. (2.19) implies that ξ
vanishes if either of σ(T)λ is zero. We will take full advantage of this property in the following
analysis.
3 Angular anisotropies of gravitational wave background
In this section we analyse time evolutions of gravitational waves labelling them with the final
wavevector limt→∞ ~k = (k1, k2, k3) . The main object of interest in our current study is the
distribution of gravitational-wave intensity on a sphere of radius k0 ≡
√
k21 + k
2
2 + k
2
3 defined
in the k-space, which, after being reflected through the origin and mapped to the celestial
sphere, will provide an all-sky map of a gravitational wave background which we will be able
to observe at a comoving wavenumber k0 .
Since there is a natural correspondence between the k-space and the position space, we
sometimes mix up them with each other and even use common terminologies. For instance,
a term “principal axes of expansion” may refer to both the xi-axes in the position space and
the ki-axes in the k-space depending on the context.
Since we are interested in gravitational waves currently on large scales and since we
require aisoH . a(t0)H(t0) , we only consider modes which had a shorter wavelength than
the Hubble radius at the isotropisation time tiso = H−1 . We will take k0 = O(10–103)×aisoH
as reference values for the wavenumber.
3.1 Rotation of wavevector during anisotropic expansion
First we explain how a wavevector evolves with time. Figure 2 is a portrait of the time
derivatives of ~k drawn on the unit sphere in the k-space (left) and the Mercator projection of
a portion of the sphere (right). As implied by eqs. (2.8) and (2.9), the general trend is that a
wavevector ~k changes its direction towards the principal axis of the slowest expansion of the
three, i.e., with the smallest exponent qi . Since q3 is always the smallest in our setup (except
for Θ = 7pi6 ), wavevectors generically rotate towards the k
3-axis.
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Figure 2. Left: A phase portrait of the time derivative ~k′ in the k-space. Right: The Mercator
projection of the half hemisphere specified by k1 ≥ 0 and k3 ≥ 0. The background is characterised
by the anisotropy parameter Θ = 8pi6 .
In the exceptional cases when ~k is aligned to one of the principal axes, only the norm
changes with time but the direction does not, as understood from (2.8). Also, those quarter
circumferences of the spheres connecting two principal axes (e.g. equator) are special in that
if the endpoint of a wavevector lies on some of them, then it remains to do so, rotating
from the direction of the faster axis to the slower. This is understood as follows. In order to
parameterise a wavevector pointing somewhere on one of such quarter circumferences, we shall
denote quantities associated with the axis of faster expansion by a superscript “(fast)” and
those with the slower axis by “(slow)”. For example, if one considers a circumference specified
by ki = 0 , then k
(fast)
i and k
(slow)
i denote the covariant components of the wavevector along
the faster and the slower axes, respectively. Then, we introduce an angle parameter ψi and a
modulus k0 as
tanψi ≡ k
(fast)
i
k
(slow)
i
, k0 ≡
√(
k
(slow)
i
)2
+
(
k
(fast)
i
)2
. (3.1)
Hence, the ratio of the contravariant components evolves during the anisotropic phase, t 
H−1 , as
ki(fast)
ki(slow)
= tanψi
[
tanh
(
3Ht
2
)]2(q(slow)i −q(fast)i )
' tanψi
(
3Ht
2
)2(q(slow)i −q(fast)i )
.
(3.2)
If k(fast)i < k
(slow)
i , the wavevector is finally aligned closer to the slower axis. From
eq. (3.2), the time at which ~k comes to the midpoint of the two axes, i.e., at an angle of pi4 ,
is estimated as
Htmid ' 2
3
(
k
(fast)
i
k
(slow)
i
)1/[2(q(fast)i −q(slow)i )]
. (3.3)
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On the other hand, if k(fast)i > k
(slow)
i , ~k is initially closer to the faster axis and remains so
until the end of the anisotropic Kasner regime.
From the above analysis, we can deduce that the direction of a wavevector pointing in
general directions can only move within one of the quarter hemispheres bounded by such
special quarter circumferences. It follows that, thanks to the symmetry of the background,
it is sufficient for our purpose to consider only one of those quarter hemispheres and we shall
hereafter restrict on the one specified by ki ≥ 0 (i = 1, 2, 3).
In the k-space, a normalised wavevector ~ˆk = (k1/|~k|, k2/|~k|, k3/|~k|) with one vanishing
component ki = 0 (i = 1, 2, 3) points on one of the quarter circumferences of the unit sphere,
which we shall call Ci . See figure 3 for the definitions of the circumferences Ci and angles ψi
(i = 1, 2, 3).
Figure 3. Illustration of the angles ψi and circumferences Ci on the unit sphere in the k-space. The
arrows are examples of normalised final wavevector limt→∞
~ˆ
k = (k1/k0, k2/k0, k3/k0) lying on each
Ci .
3.2 Evolution of modes aligned with the principal axes
We first consider the evolution of modes whose wavevector is aligned to either of the principal
axes. Let ki be the only non-vanishing covariant component. Then the wavevector ~k is kept
aligned with the ki-axis while its squared norm evolves with time as
ki k
i = k2i tanh
−2qi
(
3Ht
2
)
. (3.4)
The projected components of the shear tensor are greatly simplified in this case as1
σ(S) = 3qi
aisoH
(a/aiso)2
,
∣∣∣σ(T)+ ∣∣∣ = 3∆i√
2
aisoH
(a/aiso)2
, σ
(V)
(1) = σ
(V)
(2) = σ
(T)
× = 0 , (3.5)
where we have introduced ∆i ≡ maxj 6=i qj − minj 6=i qj , which quantifies the +-component
of the shear. See figure 4 for the dependence of ∆i on Θ for each i . For σ
(T)
× = 0, the
1The sign of σ(T)+ is not needed because only its square will appear.
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interaction term ξ in the gravitational-wave equations vanishes identically, see (2.19), so the
two polarisation modes are decoupled.
� π� � π� � π� Θ
�
�
�
�
�
Δ�
� � �
Figure 4. Values of ∆i = maxj 6=i qj −minj 6=i qj .
Substituting eqs. (3.4) and (3.5) into (2.18), we obtain the squared frequencies ω2λ as
ω2×
a2isoH
2
=
k2i
a2isoH
2
tanh−2qi
(
3Ht
2
)
+
2− cosh(6Ht)
(a/aiso)4
− 9∆
2
i
(a/aiso)4
,
ω2+
a2isoH
2
=
k2i
a2isoH
2
tanh−2qi
(
3Ht
2
)
+
2− cosh(6Ht)
(a/aiso)4
+
6∆2i (a/aiso)
2
[(2/3) cosh(3Ht)− qi]2
.
(3.6)
The leading contributions from each term during the early anisotropic regime (t tiso = H−1)
are found as
ω2×
a2isoH
2
⊃ k
2
i
a2isoH
2
(
3Ht
2
)−2qi
+
1
(3Ht)4/3
− 9∆
2
i
(3Ht)4/3
,
ω2+
a2isoH
2
⊃ k
2
i
a2isoH
2
(
3Ht
2
)−2qi
+
1
(3Ht)4/3
+
6∆2i (3Ht)
2/3
(2/3− qi)2 ,
(3.7)
where we have assumed qi < 23 . The shear tensor gives a negative contribution∝ −∆2i /(Ht)4/3
to ω2× , which is missing in ω2+ in contrast.
In figure 5, we show typical time evolutions of ω2× (blue) and ω2+ (red) for modes aligned
with either of the three principal axes. The three figures correspond to the cases when
~k ‖ k1-axis (top-left), ~k ‖ k2-axis (top-right), and ~k ‖ k3-axis (bottom), where the final
wavenumber is ki = 100 aisoH (i = 1, 2, 3) and the background anisotropy parameter is
Θ = 8pi6 , for which (q1, q2, q3) = (
1√
3
, 0,− 1√
3
) and (∆1,∆2,∆3) = ( 1√3 ,
2√
3
, 1√
3
) . Since ∆i > 13
for all i in this case, the squared frequency ω2× should turn negative once the shear term
dominates as implied by (3.7). To illuminate this, the lines for ω2× are dashed when taking
negative values. It is observed that there is a large negative contribution to ω2× from the shear
at the earliest stage of the anisotropic phase (t tiso = H−1) except for the k1-axis-aligned
mode (top-left panel), for which ω2× is dominated by the ki ki term throughout the time range
considered, 10−5 < Ht . 1, although the shear would eventually dominate if one were allowed
to go back in time indefinitely.
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Figure 5. Time evolutions of ω2× (blue) and ω2+ (red) for modes aligned with the k1-axis (top-left),
k2-axis (top-right), and k3-axis (bottom), for all of which the final wavenumber is ki = 100 aisoH
(i = 1, 2, 3) . The lines are dashed where ω2× is negative. The background anisotropy parameter is
Θ = 8pi6 corresponding to (q1, q2, q3) = (
1√
3
, 0,− 1√
3
) and (∆1,∆2,∆3) = ( 1√3 ,
2√
3
, 1√
3
).
Shown in figure 6 are the waveforms of the above three axis-aligned modes obtained by
numerically integrating (2.17). As expected from the behaviours of ω2× , the ×-mode grows
substantially while the shear term is giving a dominant contribution.
These waveforms of gravitational waves can be analytically understood as follows. First
let us consider the ×-mode. The asymptotic form of ω2× for Ht 1 is
ω2× ∼
k2i(
21/3aisoHη
)3qi + 1− 9∆2i4η2 , (3.8)
where, in converting the time coordinates, we have used a relation
Ht =
2
√
2
3
(aisoHη)
3/2
[
1 +
(aisoHη)
3
6
+O(aisoHη)6
]
. (3.9)
Since qi < 23 for a triaxial KdS metric, ω
2× is dominated by the shear term (∝ η−2) at earlier
times and by the ki ki term (∝ η−3qi) at later times. The growth of ×-mode is expected to
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Figure 6. Waveforms of E× (blue) and E+ (red) for the modes aligned with the k1-axis (top-left), k2-
axis (top-right), and k3-axis (bottom). The initial time is tini = 10−5H−1 and the other parameters
are the same as in figure 5.
stall around the transition between these two regimes, whose time is estimated as
aisoHηstall =
[∣∣9∆2i − 1∣∣
22−qi
(
aisoH
ki
)2]1/(2−3qi)
(3.10)
or equivalently
Htstall =
2
√
2
3
[∣∣9∆2i − 1∣∣
22−qi
(
aisoH
ki
)2]1/[2 (2/3−qi)]
. (3.11)
For η  ηstall , the equation of motion for the ×-mode is approximated as
µ′′× +
1− 9∆2i
4η2
µ× ≈ 0 (3.12)
and its general solution is given by
µ× ≈ C+ (Hη)(1+3∆i)/2 + C− (Hη)(1−3∆i)/2 . (3.13)
Hence, up to the time ηstall , the growing mode behaves as |E×| ∝ (Hη)3∆i/2 ∝ (Ht)∆i .
Once the shear term becomes subdominant after ηstall , the ×-mode starts to oscillate
obeying
µ′′× +
k2i(
21/3aisoHη
)3qi µ× ≈ 0 . (3.14)
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This cannot be integrated analytically for a general qi , but, since the exponents qi only mildly
depend on Θ , here we make a crude approximation that (q1, q2, q3) ≈ (23 , 0,−23). Then, we
have a rough estimate
|µ×| ∝

η1/2 (i = 1)
η0 (i = 2)
η−1/2 (i = 3)
(3.15)
and, therefore, we may estimate the amplitude of E× between tstall and tiso = H−1 as
|E×| ∝ (Ht)−pi with (p1, p2, p3) ≡
(
0,
1
3
,
2
3
)
. (3.16)
As we will show numerically later, although quantitatively not quite precise, this approxima-
tion captures certain qualitative features of the evolution of gravitational waves during the
Kasner epoch.
The evolution of the +-mode can be deduced by setting ∆i = 0, see eq. (3.7). Hence
E+ oscillates constantly until tstall , and then decreasingly after tstall as
|E+| ∝ (Ht)−pi . (3.17)
The background is isotropised at ∼ tiso and enters the standard de Sitter inflation phase.
During inflation, amplitudes of the both modes decay exponentially as Eλ ∝ a−1 ∝ e−Ht until
the modes exit the Hubble radius when a(t) = kiH−1 , and are then frozen. The amplitude
at the end of inflation is therefore suppressed by a factor a(tiso)H/ki relative to the value at
t = tiso .
Summing up all these effects, the linear growth factors for each polarisation mode aligned
with the principal axes are defined and estimated as
D× ≡ lim
t→∞
∣∣∣∣ E×(t)E×(tini)
∣∣∣∣ ∼ aisoHki (Htstall)pi
(
Htstall
Htini
)∆i
,
D+ ≡ lim
t→∞
∣∣∣∣ E+(t)E+(tini)
∣∣∣∣ ∼ aisoHki (Htstall)pi .
(3.18)
Equation (3.11) implies that smaller qi leads to larger tstall as long as ki  aisoH .
Thus, the mode aligned with the k3-axis enjoys the longest period of growth, see figure 7 for
comparison of the values of tstall for the axis-aligned modes with the anisotropy parameter Θ
varied. Note that Htstall given by (3.11) for i = 1 formally saturates to 1 near Θ = 7pi6 (then
q1 ≈ 23), but, since the usefulness of (3.11) is limited in such a situation, we have not shown
the corresponding values for i = 1 in figure 7.
Substituting eq. (3.11) into (3.18), we can make the parameter dependence of the growth
factors more explicit as
D× ∝
(
ki
aisoH
)P×,i
(Htini)
−∆i , D+ ∝
(
ki
aisoH
)P+,i
(3.19)
with
P×,i = −1− pi + ∆i
2/3− qi , P+,i = −1−
pi
2/3− qi . (3.20)
The validity of this expression for i = 1 is also degraded when Θ ≈ 7pi6 (qi ≈ 23) for the same
reason as above. In order to clarify the ki dependences, we plot the indices P×,i and P+,i in
– 12 –
� π� � π� � π� Θ
��-�
��-�
��-�
��-�
� ������
� � �
Figure 7. Θ-dependences of tstall for modes aligned with each principal axis with the final wavenumber
ki = 100 aisoH (i = 1, 2, 3).
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Figure 8. Θ-dependences of the indices P×,i (left) and P+,i (right).
figure 8. As for the ×-mode, since P×,3 is the largest of the three, the k3-axis-aligned modes
dominate at sufficiently large wavenumbers.
In the above analysis, we have implicitly assumed that the time scales are ordered as
tini < tstall < tiso , but this does not necessarily hold, as in the case of the k1-axis-aligned
mode exemplified in this section. If tstall < tini , both polarisation modes oscillate from the
beginning with decaying amplitudes estimated by (3.16) and (3.17), and the growth factor is
estimated as
D× ∼ D+ ∼ aisoH
ki
(Htini)
pi . (3.21)
On the other hand, although this is not likely to occur, if tiso < tstall , the growth of gravi-
tational waves does not stall until the time of isotropisation and the growth factor may be
estimated as
D× ∼ D+ ∼ aisoH
ki
(Htini)
−∆i . (3.22)
Figure 9 shows the Θ-dependences of the growth factors for the axis-aligned modes with
final wavenumber ki = 100 aisoH (i = 1, 2, 3) for the initial time tini = 10−5H−1 . The solid
and dashed lines are the numerical and analytic estimate (3.18), respectively, which are in
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fairly good agreement with each other in the almost entire range of Θ . The k1-axis-aligned
mode is almost independent of Θ since it does not grow but constantly oscillates as implied
by eqs. (3.16) and (3.17). The k2-axis-aligned and k3-axis-aligned modes are comparable for
the chosen set of parameters, although, as could be deduced from (3.19), at sufficiently large
wavenumbers the k3-axis-aligned ×-mode should dominate over the others.
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Figure 9. Θ-dependences of the linear growth factorsD× (left) andD+ (right). The final wavenumber
is ki = 100 aisoH (i = 1, 2, 3) and the initial time is tini = 10−5H−1 . The dashed lines indicate the
analytic estimate given by (3.18), in fairly good agreement with the numerical calculations (solid).
3.3 Evolution of modes aligned between two principal axes
Then, we extend our analysis to modes whose wavevector ~k is not aligned with either of
the principal axes but between two of them. For such modes, as discussed in section 3.1,
the direction of a wavevector ~k changes with time from the axis of faster expansion to the
slower along one of the quarter circumferences Ci defined as in figure 3. As in section 3.1,
we introduce notations “(fast)” and “(slow)” for quantities associated with the faster and the
slower axes, respectively. Wavevectors to be considered should have one vanishing component,
ki = 0 (i = 1, 2, 3), while the other two, to be denoted as k
(fast)
i and k
(slow)
i , are non-zero.
To parameterise such a wavevector, we introduce an angle parameter ψi and a modulus k0 as
given by eq. (3.1).
It is notable that the ×-component of the shear tensor σ(T)× still vanishes in this case,
so, since ξ = 0, the two polarisation modes of gravitational waves are decoupled. Therefore
the evolution of each mode can still be analysed separately.
As we will discuss shortly, the distribution of the intensity of gravitational waves on the
circumferences Ci will serve as a key clue to establish the connection between the directional
variation of gravitational-wave intensity and the pre-inflationary parameters. The situation
on a circumference may be classified into the following three cases according to the final
direction of the wavevector, i.e., the value of tanψi .
First, if the final direction of a mode satisfies tanψi > 1, the wavevector ~k remains close
to the faster axis throughout the anisotropic Kasner regime. In terms of tmid given by (3.3),
the condition for this to realise may be written as
tmid(ψi) > tiso ⇔ tanψi > 1 . (3.23)
We will approximately evaluate the evolution of the modes of this kind by regarding their
wavevectors as exactly aligned with the faster axis throughout the anisotropic phase.
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Next, for modes with tanψi < 1, a turnover of the direction could happen at the time
t = tmid given by eq. (3.3). However, if
tmid(ψi) < tini ⇔ tanψi <
(
3Htini
2
)2(q(fast)i −q(slow)i )
, (3.24)
the wavevector ~k is already close to the slower axis at the initial time t = tini , hence no
turnover occurs during the Kasner epoch. In this case the wavevector is regarded as aligned
exactly with the slower axis throughout.
Finally, a turnover actually happens during the anisotropic phase if
tini < tmid(ψi) < tiso ⇔
(
3Htini
2
)2(q(fast)i −q(slow)i )
< tanψi < 1 . (3.25)
We regard such modes as aligned with the faster axis before tmid and with the slower axis
after tmid . The analyses in the first and second cases above still apply to the time ranges
t < tmid and t > tmid , respectively.
3.3.1 Case 1: tmid(ψi) > tiso
For such a mode, we approximate the growth rate by the one for a mode exactly aligned with
the faster axis and having a wavenumber ki = k
(fast)
i = k0 sinψi . Applying (3.18) or (3.21)
with qi = q
(fast)
i , ∆i = ∆
(fast)
i , and pi = p
(fast)
i , we may estimate the growth factor for the
×-mode as
D×(ψi) ∼ aisoH
k0
×

(
Ht
(fast)
stall
)p(fast)i (Ht(fast)stall
Htini
)∆(fast)i
(tini < t
(fast)
stall )
(Htini)
p
(fast)
i (t
(fast)
stall < tini) ,
(3.26)
where
Ht
(fast)
stall (ψi) =
2
√
2
3

∣∣∣9(∆(fast)i )2 − 1∣∣∣
22−q
(fast)
i
(
aisoH
k0 sinψi
)21/[2 (2/3−q
(fast)
i )]
. (3.27)
It is noted that, for both the circumferences C2 and C3 , the k1-axis serves as the axis
of faster expansion, so q(fast)i = q1 ≥ 13 for i = 2, 3 . Then, since k0 > aisoH by assumption, a
rough but strict upper limit on the time scale of the growth stall is given as
Ht
(fast)
stall (ψi) .
(
k0
aisoH
)−3
(i = 2, 3) . (3.28)
This implies that growth of gravitational waves does not take place near the k1-axis if the
wavelength is sufficiently short such that k0  aisoH .
3.3.2 Case 2: tmid(ψi) < tini
Again, no turnover takes place. Similarly to Case 1 but with the use of ki = k
(slow)
i = k0 cosψi
instead of k0 sinψi , the growth factor is estimated as
D×(ψi) ∼ aisoH
k0
×

(
Ht
(slow)
stall
)p(slow)i (Ht(slow)stall
Htini
)∆(slow)i
(tini < t
(slow)
stall )
(Htini)
p
(slow)
i (t
(slow)
stall < tini)
(3.29)
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with
Ht
(slow)
stall (ψi) ≈
2
√
2
3

∣∣∣9(∆(slow)i )2 − 1∣∣∣
22−q
(slow)
i
(
aisoH
k0 cosψi
)21/[2 (2/3−q
(slow)
i )]
. (3.30)
In contrast to the previous case, the exponent for this expression does not become large except
on C3 for a nearly axisymmetric background with Θ ≈ 9pi6 .
3.3.3 Case 3: tini < tmid(ψi) < tiso
Finally, we consider the intermediate case in which a turnover occurs during the Kasner
regime. We regard the wavevector ~k as aligned with the faster axis before tmid and with the
slower axis after tmid .
It is useful here to compare the three time scales t(fast)stall , t
(slow)
stall , and tmid . Shown in
figure 10 are their values evaluated on the circumferences C1 (top-left), C2 (top-right), and
C3 (bottom) for the parameters k0 = 100 aisoH and Θ = 8pi6 . As we will discuss shortly, the
×-mode can grow during the time range indicated as grey-shaded regions.
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Figure 10. Time scales on the circumferences C1 (top-left), C2 (top-right), and C3 (bottom) for
k0 = 100 aisoH and Θ = 8pi6 . The horizontal dashed lines correspond to Htiso = 1 and Htini = 10
−5 .
For each value of tanψi , the mode can grow within the time range indicated in cray, see text.
Before the time of turnover tmid is reached, i.e., below the green lines in figure 10, the
wavevector ~k is considered to be aligned with the faster axis and the analysis in section 3.3.1
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may be applied. The growth stalls at t(fast)stall if it comes before tmid , but otherwise continues
up to tmid . Indeed, in figure 10, there are small intervals of tanψi in which tmid < t
(fast)
stall .
After tmid , i.e., above the green lines in figure 10, the wavevector ~k is considered to be
aligned with the slower axis and the analysis in section 3.3.2 may be applied. If tmid < t
(slow)
stall ,
then the mode continues (or resumes) to grow beyond tmid up to t
(slow)
stall .
Near the k1-axis on the circumferences C2 and C3 , it may happen that the time t
(fast)
stall
comes to earlier than tini and then growth is substantially suppressed. Indeed, for our choice of
parameters, the values of t(fast)stall evaluated on C2 and C3 are much earlier than tini = 10
−5H−1
as in the top-right and the bottom panels of figure 10. If this is the case, a growth can only
happen near the slower axes on these circumferences. Therefore, a criterion for growth in
terms of the angle from the slower axis may be given by
t
(fast)
stall & tini ⇔ ψi .
(
k0
aisoH
)−1
(Htini)
−(2/3−q(fast)i ) (i = 2, 3) . (3.31)
In contrast, for the current choice of parameters, such suppression is not working on C1
as understood from the top-left panel of figure 10, where t(fast)stall (tanψ1 & 1) is comparable to
t
(slow)
stall (tanψ1 . 1) and never comes below tini . However, for some parameters and wavelengths
it may happen that t(fast)stall on C1 becomes earlier than tini , leading to suppression of growth
near the k2-axis (the faster axis on C1). In the next sections, we will pay particular attention
to this possibility.
3.3.4 Growth factors
In figure 11, we show the linear growth factors for the ×-mode on the circumferences C1
(top-left), C2(top-right), and C3 (bottom) for the parameters Θ = 8pi6 , tini = 10
−5H−1 , and
k0 = 100 aisoH . In each figure, ψi measures the angle from the axis of slower expansion. The
analytic estimates based on the arguments in the previous sections are also plotted as dashed
lines.
As understood from the figure, there is only weak contrast in growths on C1 , whereas
rather sharp declines at some angle ofO(0.01) from the slower axes on C2 and C3 are indicated.
This implies that the region of high-intensity gravitational waves on the celestial sphere would
form a belt-like pattern around a great circle containing C1 , which we will numerically confirm
in the next section.
In figure 12, we show waveforms of E× (blue) and E+ (red) for several modes on C3 ,
i.e., with k3 = 0. The modes have a common final wavenumber k0 =
√
k21 + k
2
2 = 100 aisoH
but different final directions parameterised by tanψ3 = k1/k2 : ψ3 = 10−1 (top-left), 10−2
(top-right) and 10−3 (bottom). The other parameters are the same as in figure 11. It is
observed that growths occur more efficiently as ψ3 decreases, i.e., as the final direction of the
wavevector gets closer to the k2-axis. Indeed, there appears a threshold value ψ3 ∼ 10−2 for
growth as implied by eq. (3.31). Note also that these figures are to interpolate the top panels
of figure 6.
It should be noted here that the situation on C1 can change dramatically according to
the wavenumber and the background parameters. As implied by (3.27), the time scale t(fast)stall
near the k2-axis on C1 (tanψ1 & 1) is a decreasing function of both k0 and Θ , the reason
for the latter dependence being that the exponent q(fast)1 = q2 is an increasing function of
Θ . If t(fast)stall declines to a value as small as tini , then amplification of gravitational waves
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Figure 11. Linear growth factors for the ×-modes on the circumferences C1 (top-left), C2 (top-right),
and C3 (bottom). The background anisotropy parameter is Θ = 8pi6 . The initial time and the final
wavenumber are tini = 10−5H−1 and k0 = 100 aisoH , respectively.
is prohibited near the k2-axis. Therefore, a simple criterion for the growth on C1 to occur
uniformly may be given by
tini ≤ t(fast)stall (ψ1 = pi/2) = t(i=2)stall . (3.32)
In figure 13, we show the boundaries in the (Θ, Htini)-plane saturating the above inequality
for several wavenumbers, which can be used to discriminate whether the intensity on C1 is
uniform or not at a corresponding wavenumber.
3.4 Evolution of modes pointing in general directions
Finally we discuss time evolutions of modes with a wavevector pointing in a general direction.
As indicated in figure 2, a wavevector ~k rotates from the k1- to the k3-axis (except on the
circumference C3). Since neither of the tensor components of the shear vanishes, the two
polarisation modes no longer evolve independently but affect each other. Hence we shall
numerically solve the coupled equations of motion (2.17).
In figure 14, we show all-sky maps of the growth factor for intensity I ≡
√
E2+ + E
2× ,
which is invariant under rotations of polarisation basis, for the anisotropy parameters Θ = 8pi6
(top) and 0.99 × 9pi6 (bottom). The former represents a highly triaxial configuration while
the latter is nearly axisymmetric around the k3-axis, resembling the situation investigated in
[23].
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Figure 12. Waveforms of several modes on the circumference C3 (k3 = 0) with a common final
wavenumber k0 = 100 aisoH but with different final directions k1/k2 = tanψ3 for ψ3 = 10−1 (top-
left), 10−2 (top-right), and 10−3 (bottom). The background anisotropy parameter and the initial time
are Θ = 8pi6 and tini = 10
−5H−1 , respectively.
An obvious feature seen in the top panels is significantly higher intensities along the
k1 = 0 great circle. This is a manifestation of the result of the analysis in the previous
sections that the growth of gravitational waves only occurs in a narrow range near the slower
axis on the circumferences C2 and C3 . Indeed, the width of the belt-shaped region of higher
intensities is well estimated by ψi=2,3 given by eq. (3.31). On the other hand, in the bottom
panels (Θ = 0.99× 9pi6 ) the growth is localised to near the k3-axis.
As we shall explain now, this topological property is crucial in determining not only
the directions of the principal axes of the early anisotropic expansion but also the degree of
anisotropy Θ and the initial time of the anisotropic pre-inflationary stage tini with the aid of
figure 13.
Let us imagine all-sky observations of gravitational waves at multiple wavelengths be-
come put into practice in the future. If the gravitational waves from the anisotropic regime are
detected at some (long) wavelength and the intensity map is determined to have a topology
like the top panels of figure 14, then the principal axis of the fastest expansion (in our nota-
tion, the x1-axis) is determined as the normal direction to the plane containing the great circle
of higher intensities. As for the pre-inflationary parameters, the combination of (Θ, Htini) in
figure 13 is restricted to lie below the boundary corresponding to the observation wavelength.
Our analyses further predict that, as one goes from longer wavelengths to shorter, the
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Figure 13. Boundaries in the (Θ, Htini)-plane satisfying tini = tstall evaluated for the k2-axis-aligned
modes with several wavenumbers k2 . If a combination of the parameters (Θ, Htini) lies below a
boundary for a given wavenumber k2 , then the corresponding k2-axis-aligned mode is supposed to
grow and the intensity on C1 would look rather uniform.
intensity maps will exhibit a transition from a circle-like one (as depicted in the top panels of
figure 14) to a localised one (bottom panels) at some critical wavelength. From the map after
the transition, the axis of the slowest expansion (the x3-axis) is determined to be the direction
pointing the highest intensity region on the celestial sphere, after which the remaining axis
(the x2-axis) is also determined to be the orthogonal direction to the other two axes.
If such a transition is observed, the values of the parameters (Θ, Htini) in figure 13
should lie on a curve corresponding to the critical wavelength. Then, once either of the two
parameters is given observationally or theoretically, the remainder can be determined.
4 Constraints from CMB B-mode polarisation
Our final project is to constrain the gravitational wave background from the anisotropic pre-
inflationary phase using the CMB observations. In the inflationary scenario considered in the
present analysis, the total power of primordial tensor perturbations after inflation, denoted
as PT , may be regarded as a sum of the pre-inflationary contribution PpreT and the ordinary
inflationary contribution P infT . Their crucial difference is that, while the inflationary part is
expected to be a function of the modulus k0 ≡
√
k21 + k
2
2 + k
2
3 only, the pre-inflationary part
should depend on the components (k1, k2, k3) differently [24]. Another complexity arises in
general due to different evolutions of the two polarisation modes and their interactions during
the anisotropic phase [24].
In this study, we do not perform a full analysis of the directional variations of the power
spectra but rather focus on the axis-aligned modes. By doing so, we can take advantage of the
fact that the two polarisations are decoupled, and hence, the power spectrum after inflation
can be represented as a sum of those of the +-mode PpreT+ and the ×-mode PpreT× [23, 24]. They
are not identical in general because the two polarisations evolve differently on an anisotropic
background and even their initial values are not necessarily the same. We here assume that
classical gravitational waves already exist at the initial time tini . Denoting the values at tini
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Figure 14. Qualitative difference in the intensity ratio log10[I(∞)/I(tini)] between the cases of
Θ = 8pi6 (top) and 0.99× 9pi6 (bottom).
as Ppre,iniTλ , the power spectra after inflation can be written in terms of the growth factor Dλ
as
PpreTλ (ki) = D2λ Ppre,iniTλ (ki) , (4.1)
where ki is the only non-zero component. If Ppre,iniT+ (ki) and Ppre,iniT× (ki) are of the same order,
since D× & D+ in general, we may ignore the +-mode in comparison with the ×-mode at
later times. Then, we can regard the total primordial power spectrum of the pre-inflationary
gravitational waves as
PpreT (ki) ≈ PpreT×(ki) = D2× Ppre,iniT× (ki) , (4.2)
whose explicit ki dependence, apart from the unknown initial part, is
PpreT (ki) ∝
(
ki
aisoH
)−2− 2+6∆i
3(2/3−qi)
(Htini)
−2∆i Ppre,iniT× (ki) . (4.3)
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The upper limit on the primordial tensor power spectrum is given in terms of the tensor-
to-scalar ratio PT/PS ≡ r . 0.27 at around k0 = 0.05 Mpc−1 , where the scalar power
spectrum is PS(kpivot) ∼ 10−9 [19]. Since it is expected that the k3-axis-aligned mode grows
the most at shorter wavelengths, we require the primordial tensor power spectrum of the
mode travelling along the x3-axis to be lower than rPS as a conservative limit. An additional
assumption to be made here is that the modes exiting the horizon at t = tiso re-enter the
cosmological horizon at sufficiently late times, namely aisoH ∼ a(t0)H(t0) .
In the left panel of figure 15, we show upper limits on the ×-mode initial power spectrum
of the pre-inflationary gravitational waves Ppre,iniT,× plotted against the anisotropy parameter
Θ . The initial time is fixed to be tini = 10−5H−1 . The constraint becomes gradually stronger
as Θ approaches to 7pi6 , reflecting the tendency observed in the left panel of figure 9. In the
right panel, we show lower limits on the initial time tini . In this figure, we set Ppre,iniT× = 10−8 .
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Figure 15. Left: Upper limits on the initial spectrum of the ×-mode Ppre,iniT,× for wavenumbers
k3 = 10 aisoH (red), 102 aisoH (yellow), 103 aisoH (green), and 104 aisoH (blue). The initial time is
fixed as ti = 10−5H−1 . Right: Lower limits on the initial time H ti for the same set of wavenumbers.
The initial amplitude of the ×-mode spectrum is fixed as Ppre,iniT,× = 10−8 .
5 Conclusions
In this paper, we performed a detailed analysis on the directional variations of a gravitational
wave background in a (pre-)inflation model described by the general triaxial Kasner-de Sitter
metric, in which the degree of anisotropy is parameterised by an angle parameter Θ . The
purpose of the study was to give some insights into the connection between such gravitational
waves and the primordial anisotropies.
We divided the whole analysis into the following three steps. First, in section 3.2, we
investigated the evolution of gravitational waves whose wavevector is aligned with either of the
principal axes of anisotropic expansion. We clarified that, with our choice of the polarisation
basis, the ×-polarisation mode grows substantially while the shear term is giving a dominant
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contribution to the squared frequency ω2× as given by eq. (2.18). The amount of growth
reflects two factors: (i) the slower the expansion along the axis is, the longer ω2× remains
negative; (ii) the larger the projected shear component σ(T)+ is, the faster the mode grows.
There was a competition between the k3- and k2-axis-aligned modes since the former grows
for longest while the latter “sees” the largest value of σ(T)+ . In an analytical manner, we have
obtained the explicit parameter dependencies of the growth factors as in eq. (3.19), clarifying
that the k3-axis-aligned ×-mode should dominate over the other modes at sufficiently large
wavenumbers except for an axisymmetric background with Θ ≈ 7pi6 .
Second, in section 3.3, we extended the analysis to the modes whose wavevector is aligned
between two of the principal axes. The situations are different on each circumference Ci
introduced as in figure 3. We revealed that the distribution of gravitational-wave intensities on
C1 can change dramatically according to the background parameters Θ and tini as explained by
figure 13 : when Θ is sufficiently close to 9pi6 , a value corresponding to one of the axisymmetric
limits, and H tini is sufficiently large, the growth of gravitational waves is localised to near
the k3-axis. In the opposite case, the growth takes place rather uniformly on C1 . On the
other circumferences C2 and C3 , we showed that the growth is localised to near the k3- and
k2-axis, respectively, for wide ranges of parameters.
Third, in section 3.4, we discussed time evolutions of modes with a wavevector pointing
in a general direction. Specifically, we demonstrated all-sky maps of the growth factor of the
pre-inflationary gravitational waves for the two anisotropy parameters Θ = 8pi6 (triaxial) and
0.99 × 9pi6 (nearly axisymmetric) as in figure 14. For Θ = 8pi6 , the growth of gravitational
waves occurs in a narrow range near the k1 = 0 great circle on the sphere whose width can
be well estimated by eq. (3.31), while for Θ = 0.99 × 9pi6 , the growth is localised to the
k3-axis. Using these results, we argued that the topological properties of the pre-inflationary
gravitational waves in future all-sky, multiwavelength observations will provide us a crucial
probe for determination of the configuration of the primordial anisotropy, its degree Θ , and
the initial time tini .
Finally, in section 4, we gave some tentative constraints on the initial amplitude of the
pre-inflationary gravitational waves, the anisotropy parameter Θ , and the initial time tini
from the B-mode polarisation of CMB observed by the Planck satellite.
One of possible directions of extending the present work might be inclusion of a scalar
degree of freedom which drives isotropisation and inflation instead of a cosmological constant.
Also, it will be meaningful if this sort of analysis can be extended to other Bianchi-type
cosmological models.
Perturbation analyses in anisotropic cosmologies will be of particular importance in
constraining some kinds of modified theories of gravity. Among others, the Einstein-Weyl
gravity, whose Lagrangian is L = 12 R− γ4 Cαβγσ Cαβγσ , has a special property that it admits
general Einstein spaces, including KdS, as exact solutions. We will come back to this issue
in future publications.
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